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Attraction and repulsion of spiral waves by localized inhomogeneities in excitable media
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The anchoring and repelling of spiral waves in a two-dimensional homogeneous excitable medium in the
presence of a localized defect is studied in the framework of a numerical model and the kinematical theory.
Depending on the relative initial distance between the obstacle and the core center, the vortex is observed
either to drift towards the obstacle or to move away from it. The anchoring phenomenon is explained in terms
of periodic perturbations of the front curvature, while the repulsion is rather connected with inhomogeneous
refractoriness, which affects the spiral tip motion.
@S1063-651X~98!51509-7#

PACS number~s!: 82.40.Ck, 03.40.Kf, 47.54.1r, 87.45.Bp
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1Experimental observations of vortices in excitable me
have demonstrated the significant effect of heterogeneitie
the motion of vortex waves. These effects include the drif
vortices due to parameter gradients@1–3# or external influ-
ences@4–7#, and the anchoring of vortices on localized i
homogeneities or defects@1,3#. These phenomena have be
observed in autocatalytic reactions as well as in the myo
dial tissue. In the latter case, drift and anchoring of vortic
are thought to underlie pathological situations in which h
frequency rhythms persist and can lead to fibrillation of
heart @1,3#. Thus, localized inhomogeneities~with a length
scale comparable to or smaller than the wavelength! can lead
to pinning or anchoringof the vortex@8–11#.

Vinson et al. @12# observed the anchoring of three
dimensional ~3D! vortices in inhomogeneous media an
compared their results to previous ones in 2D media. T
noticed that, depending on the distance between the drif
tip of the vortex and the defect, the spiral wave will eith
anchor to the defect or pass it. The situation becomes m
complex as 3D vortices are involved, since anchoring a
subsequent detachment of the vortices can take place. H
scroll waves naturally drifted, in the absence of a localiz
defect, since a smooth gradient perpendicular to the in
filament was imposed.

On the other hand, mechanisms to unpin a vortex in a
medium have been recently studied@13#. A vortex can be
unpinned when a new created vortex is pinned to the s
obstacle and has any topological charge. Similar mechan
may underlie antitachycardia pacing used in cardiac clin
@14#.

In this Rapid Communication we study, both numerica
and theoretically, the influence of obstacles on the sp
wave dynamics in a two-dimensional homogeneous medi
In the absence of localized defects, the spiral wave rem
steadily rotating around a circular core. In contrast, we
served that depending on the initial distance between a lo
ized inhomogeneity and the spiral tip position, vortices c
be attracted or repelled by the defect. In the first case,
spiral, after drifting towards the obstacle, is anchored the
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Numerical experiments have been performed with a tw
variable Oregonator model modified to describe the effec
light on the medium@15,16#,
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whereu andv describe the activator and the inhibitor var
ables, respectively (HBrO2 and catalyst concentrations, re
spectively!. Du andDv are the diffusion coefficients of both
variables.f , q, and« are parameters that are related to t
kinetics of the Belousov-Zhabotinsky reaction.f represents
the light-induced flow of Br2. Zero-flux boundary conditions
were considered foru andv at the boundaries.

Obstacles in the medium were simulated by homo
neously illuminating the medium withf50 except for a
circular region~of radius 0.7 s.u.!, with f50.11. This value
is enough to inhibit wave propagation along this small
gion. The radius of the obstacle was set slightly smaller th
that of a free spiral core ('0.9 s.u.) and was always place
such that the trajectory of the free tip~which is circular when
it is free of any external perturbation andf50) never enters
in this region.

With this setup we studied different initial distancesd
between the center of a fully developed spiral wave core
the center of the obstacle, and we observed its evolut
Figure 1 shows typical evolutions of the core center obser
in such a system for different initial values ofd. For small
values ofd, the spiral is attracted to the obstacle and slow
approaches it until it anchors there. For values ofd larger
than 3.5 s.u. the spiral drifts away, far from the obstacle u
it reachesd'7.5 s.u. where the drift velocity becomes zer

Figure 2 shows the variation of the spiral velocity~in
polar coordinates,Vrad) as a function ofd. The polar coor-
dinates considered here are such that the center of co
nates is the obstacle center and the 0° angle is given by
positive direction of theOX axis. Here again, the two char
acteristic behaviors are clearly seen: ford,3.5 s.u., attrac-
tion occurs (Vrad,0), while for d.3.5 s.u., the spiral is
R2689 © 1998 The American Physical Society
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repelled (Vrad.0). For the particular value ofd53.5 s.u.,
the spiral does not drift at all. Notice the presence of a m
mum and a maximum in the radial velocity values ford
'1.7 andd'4.5 s.u. Ford.8 s.u., the spiral stops to drif
away from the obstacle. The reason is that, at this point,
obstacle starts perturbing the second wave of the spiral w
and the effect is decreased dramatically@17–19#. In prin-
ciple, there should be a very small velocity but the spa
discretization scheme that is used prevents us from mea
ing it. In Fig. 2, the results of many experiments~each con-
sidering a different initial value ofd) are plotted. Neverthe
less, all of the measured velocities fit in the same cur
which stresses the independence of the phenomenon
respect to the initial configuration.

FIG. 1. Trajectory followed by the spiral core center starting
different initial distances from the obstacle. The obstacle is re
sented here as a black dot in the center of the image. Note tha
short distances, the spiral is attracted to the obstacle, while
repelled for larger ones. Parameters for the Oregonator model@Eq.
~1!# are: f 51.4,q50.002,«50.05,Du51, andDv50.6. Spiral ro-
tation period: 3.2 t.u.; wavelength:l512 s.u. t.u. and s.u. are th
dimensionless time and space units, respectively, from Eq.~1!.

FIG. 2. Dependence ofVrad on the distance between the co
and the obstacle centers,d, obtained with the Oregonator mode
@Eq. ~1!#. The curve represents a fitting of the numerical data
better visualization.~Model parameters as in Fig. 1!.
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FIG. 3. Numerical evolution of a spiral wave~continuous line!
separated from the obstacle by a distanced55.1 s.u. in comparison
to a free vortex~dashed line! moving in a homogeneous medium
Note the perturbation of the wave front after passing through
obstacle~represented here as a circle!. ~a!–~c! correspond to times
1.5, 218.5, and 770 t.u. Note the increasing separation among
free vortex and the controlled one while time goes on.~Model pa-
rameters as in Fig. 1!.



c
at

o
e
h

e-
v
th
n.
en
ob

b
ha

nt
e
k

av
-

nd

te
lly
at

la
o

the
ly

l-

ual
the
ree
on

is
in a
iral
s its
i-
iral
b-

he
he
the
on
of
ext
in
the
e
ri-
,
its
t

re
l.
is
Re

e
l
g

s
s of

RAPID COMMUNICATIONS

PRE 58 R2691ATTRACTION AND REPULSION OF SPIRAL WAVES BY . . .
Figure 3 shows the evolution of a vortex in the presen
of an inhomogeneity in comparison with a free vortex rot
ing in a homogeneous medium. The initial distanced was
such that the spiral wave drifts away from the obstacle. N
that the effect of the localized inhomogeneity slightly d
forms the wave front as it goes through the obstacle. T
effect of this bump~close to the tip where the distance b
tween consecutive waves is smaller than the regular wa
length! is to cause the back of the first wave to approach
tip, thus partially inhibiting its propagation in this directio
The component of the tip velocity in that direction is th
reduced so that it makes the spiral drift away from the
stacle.

The results shown in this Rapid Communication can
explained by the combination of two independent mec
nisms. On the one hand, for small values ofd (d,3.5 s.u.)
the spiral is attracted to the obstacle and, conseque
moves in its direction until it anchors to that place. In ord
to explain these results qualitatively, we have solved the
nematical equations describing the motion of the spiral w
front @20,21#, but we introduce the effect of a localized in
homogeneity as a small perturbation to the curvature

k~ l ,t1dt !5H k~ l ,t !2 k̄exp~2 l 2! l P@ l c2j,l c1j#

k~ l ,t ! otherwise,
~2!

wherel c5 l c(t) is the arc length measured from the free e
of the curve to the center of the obstacle of radiusj andk̄ is
the amplitude of the perturbation to the front curvature.l c
varies with time, its value decreasing as the spiral is attrac
to the obstacle. The curvature of the front is periodica
perturbed while the front crosses the obstacle located
certain distanced from the initial position of the spiral tip.
Figure 4 shows the relative tip velocity measured in po
coordinates as in Fig. 2. Note that only negative values

FIG. 4. Dependence ofVrad on the distance between the co
and the obstacle centers,d, obtained with the kinematical mode
The curve represents a fitting of the numerical data for better v
alization. Set of parameters for the kinematical equations as in

@21#: V051.5,g51.5,D51.0, and G051.2; For Eq. ~2!: k̄
50.1,j50.3, anddt50.01; core radius: 2.3 s.u.
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Vrad were obtained, since the spiral is only attracted to
obstacle. For large enoughd, the spiral accelerates smooth
as it approaches the obstacle, until it reaches a maximum~in
absolute value! for d'2.5 s.u. and, from there on, it dece
erates until it anchors to the obstacle (Vrad50 andd50).
This behavior was observed in Fig. 2 as well. The act
mechanism responsible for this effect is determined by
motion of the bump towards the tip. When it reaches the f
end, the main effect is to introduce a shift in the rotati
angle of the tip. The shape of the spiral curve near its tip
recovered after the perturbation reaches the free end with
time that is much shorter than the rotation period of the sp
@21#. So when the front reaches the obstacle again, it ha
initial shape but the tip is smoothly displaced from its orig
nal position. The accumulation of these shifts as the sp
keeps on rotating results in its global drift towards the o
stacle.

On the other hand, for large values ofd, the perturbation
to the wave front moves away from the tip. Its effect on t
wave propagation is not reflected in Fig. 4 since, for t
kinematical model developed above, we assumed that
propagation velocity of an excitation wave depends only
the local curvature of its front. This implies that the back
the previous propagating wave front does not affect the n
one. However, from Fig. 3 it is clear that this is the ma
mechanism responsible for the repulsion of the vortex by
localized inhomogeneity. To avoid this limitation, to som
extent, it is necessary to include the effect of the refracto
ness@20# in the kinematical equations. With this in mind
both the eikonal equation describing the front velocity in
normal direction,V( l ), and the sprouting tangent velocity a
the tip of the spiral,G, have been modified as follows@20#:

V~ l !5V0@12bv /T~x,y!#2Dk~ l !,
~3!

G5G0@12bg /T~x,y!#2gk~0!,

u-
f.

FIG. 5. Evolution of a spiral wave initially separated from th
obstacle by a distanced53.7 s.u. obtained with the kinematica
model. The trajectory followed by the spiral core, when driftin
away from the inhomogeneity~black dot!, is shown as a continuou
line. Dashed circles correspond to the initial and final trajectorie
the tip. The spiral wave is shown at two different times: 0~solid
line! and 180~dashed line! t.u. Parameters for Eq.~3!: bv5bg55
@20#, and the remaining parameters as in Fig. 4.
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where T(x,y) accounts for the refractoriness of the wa
front and is measured as the time interval from the mom
of the last passage of an excitation wave through a gi
point with coordinatesx andy. bv andbg are some positive
coefficients. Now, after solving the set of kinematical equ
tions given in Ref.@21# and Eqs.~2! and~3!, the curve shown
in Fig. 2 can be recovered. For values ofd below some
critical value, the spiral wave is attracted to the inhomo
neity, but for large enoughd it is repelled. Figure 5 exem
plifies the drift of a vortex away from the obstacle calculat
with this kinematical model.

Traditionally, the existence of localized inhomogeneit
in an excitable medium, such as cardiac tissue, has b
associated with the attraction and subsequent anchorin
spiral waves~reentries!, provided they are close enough
each other. Nevertheless, here we show the possibility of
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opposite phenomenon where reentries can be repelled
eventually eliminated at the boundaries.

Our results suggest experiments on active media wh
the initial distanced, among the core center and the obstac
can be precisely controlled, as well as a more detailed th
retical understanding based on a nonkinematical theory~as in
Ref. @11#!. Besides, these results are qualitatively differe
from those mentioned at the beginning of this Rapid Co
munication, since the drift of the spiral wave isonly due to
the presence of a localized inhomogeneity in the mediu
and the vortex can be attracted to or repelled by the obst
depending on the initial relative distanced.

This work was partially supported by the Comisio´n Inter-
ministerial de Ciencia y Tecnologı´a under Project Nos
PB94-0623 and PB96-0937. The calculations were p
formed at the Supercomputation Center of Galicia~CESGA!,
Spain.
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